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ABSTRACT

The state-space model has been extensively applied to modelling data from economics,

medicine, engineering, etc.

The model also can be used to the calculation of likelihood

function of a stationary autoregressive and moving average(ARMA) time series when a time
series data is fitted by maximum likelihood. Here rewriting of ARMA model into state-space
model, the form of the likelihood function and Kalman filter, Kalman smoothing techniques are
reviewed. Computation of initial state covariance matrix is important when Kalman recursion is
applied and its achievement is shown by based on impulse response. The model parameter
estimation by maximum likelihood fitting leads to difficult nonlinear optimization technique and
here recursive estimation algorithm by EM(expectation maximization) particulary useful in
state-space involving unobserved components or irregularly observed data is dicussed. And its

example is represented.
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A(10) = (1/ AP)var(x(1)) I }.
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F=[HP(t+1It)H’ HP(t+111)
P(t+1)°'H P(t+119)

E{At+Dle(t+D]=
P(t+119°H (HP(t+1DH +R) 'e(t+1)
coo At+1)|e(t+1)]= P(¢t+1l1)
—P(++ 119 H' (HP(t+110H +R) ™'
X HP(t+111)
webd, R+1)=P(e+119 H 2!

x[y(t+1) —y(t+119],

Z,= Ele(De(d) ']t} 4.8)
4.3 @4.8)2 ¥H,

Z(t+1Uet+1) = Z2(¢++11) + K{»{(¢t+1)
- HZ(t+ 1D} 4.9)
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(gain)ol 2t @}, =,

Z(t+11D=ELZ(t+ 1) D, -]
= FE[ Z(DI (D), -]

= FZ(48. (4.10)

(4.4)8} (4.10)2 2 %-H,

Z(t+1lt+1) = Z(t+1)ol B2
A+ =Z(t+1) - Z(¢+119)
=FIZ(D—-Z(4D]1+Ge(t+1).
wgeld, At+1)e FEAPE  Pi+llde
col At+1)]1=P(t+1l¥)
= FP(4) F’ +d*GG’,

P49
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—FZ(4#) — Ke(t+1)]
X[FZ($)+Ge(t+1)
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e(t+1) = y(t+1) — (¢t +1]D,
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K= P(t+11DH 3]},
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P(t+1lt+1) = P(¢+1]8) — K2 K’ ot}
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% Z(Hel FFAJ EE 8BS A=
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HE 2N FEA YL
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= co Z(£), Z(t—DIy(1) - n))
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Z(t+11)=FZ(49), 5.1
o] o Ze] FEA YA
P(t+1)) =FP(4)F +~GG’, (5.2)

g Al B BE A&
W+ =HZ(t+1|H) = x(¢+119), (5.3)
e HEl9 74
Z(t+1lt+1) = Z(¢+119)

+K(t+DIy(t+1) —(¢+11D] 59
©, K(t+1)= P(t+11HH’

x [ HP(t+1|DH +R]™! (5.5)
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—K(t+1)HP(t+119) (5.6)

Baxe 42 ox,

e(t+1)=y(t+1)—t+1l) & o4 #2
A9 Amel faeln Eibe,

W(t+1)= HP(t+1|1DH’ +R °]t}.

ole AAFAFL AlA t+iclMe] 1-gA
AF 23 BA4H @& o) Ao Folo)
o] 2ig°] 72 EXE W, niie #
F2e P $=PFE 39 A& a3 B
goziy

L= ] (2xV) " Pexp(-j2v)elm,

I=—2m$ERTE
Lo 3[InVi+el/ Vol 5.7

6. 271 e} FE ¥ H((initial
state covariance matrix)2] A4+
BE, P, 0, 0,00,0,9 dulBFHE

Box & Jenkins(1976, p.201)e] Hhj o=z XE

FEF don o dul A By W

FEA YE9 X712 R Kalman uHEo]

g8 +=@e g& ALE 5 U
271 A4 9", 2(010)=[0,0--0] o=

A WA @3 old HeE EYP

FEAY PP 27|32 Akaike(1978)9] Wy

of oA F&F Aon] 7 (process)H 23}

E7t9] cross covariance 2 ¥E fE ¥t}

n=Exel=d,

7= E[x H-bel]

= F[ ( gl X t4i-jt ;éo O t+k—j)€t]

= 020k+ §l¢j7k.j N k)O

((k-1) lagged cross covariance ) (6.1)
6.0 ¢ 22 Y¥o| B (normalization)
!

7e= 0t él P57 k—ir N0=1 6.2)

olRE 4 (2.6) oM g9t Ze Hilol).
5 Er=7r-1 6.3)
wetd HE G £ impulse response 7} lon
ARMA 2% & Hg ¥+ 3oz gyay,

x= Eons -2 & n=1 6.4

22 yehd4 o webd du dHEele ¢
LEE

Ht+AD) = Eor,-uet-b 720 oo, (6.5)

-1
X4i= 20 7 i+i€ -t 2(t+AD). (6.6)

k=~

ARMA 339 }FE A(autocovariance) & T+
!
Elxp 4] = El (roe,+ 7€ -1 +)

X(70€ it e +7jm16 1) +x(E+19)]

= Elx(4)x(¢t+1D] ,j=0
ageg,
Cj-i= Elx(t+)x(¢+7)]



=B 3 s t—R +(t+iD] x
(2 7mselt=R +2(t+18

i=1
= 02 EOYIJ’I:H-:'

+E [x(t+4)x(t+10)). 6.7
¢} 4o $¥We cross covariance St ‘FERY
Blel FEA o5 ol & Ak &t
Cp=Elx 1442

= FL(E b5 art B, O+ k= (D)]
+ 3 01+ k=)

= )ﬁ #;C it i‘ 07 i~k (6.8)
=1 1=k

(6.2) &8 RE, cross covariance &
rn=1
n=ér+oi
r2=¢1nt+d2rot0:

. (6.9)
gty 6D 6.8)& Foz thyol 4H F

pagde] 271%EE FEF AT

P(0lI0)=C;,

i1
P0I0)=Cj-;— §0m prjmin (6.10)

7. EM ¢ F

EM ¢x2&e b #3384 & BFHA
o2 #2E HoHE EIHY AAEEE
At AALA B4 dHol® W) &
2z pasm, ot ¥ AW As HF Z
s} v #& 2893, v 9 ol

A2 2Y 4.1, 4.8 &3 ol §
Al B EA}

Z(t+1)=FZ(H + Wt+1)
() = HZ($) + (D),
@, WMt+1)= Ge(t+1) (7.1

Q= Elw(duld) 1= GG’

olw  Z(0), W1),-, WMn) Fu(l),-, n)&
éﬂ"g*ﬁ“%iﬂﬂ 2@ty gA-velg
(complete-data) 21 $=¢FE D2 BE,

nL(Z ud) « -+ nlVO)
- 1 20 V020 - 5 i@
-4 S+ -FADY

x Q"W Z(t+1) - FZ(1)’
— _1l <5 p-
% InR 2 tng 1
X (WD —HZ(D) (A H—HZ(D)) (1.2)

ol wW, V(0) € X714e, Z(0)e FE4te]
® B4 A=(F,QR) °olth. &Y 19 HZ
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gol A; ol E; ¥ EF A4 AR

olgta

“M'L) =El{ lnL(Z; U»A)‘yl' Ya, "'syn]

1 _n

=- 1m0 - % mig
-1 QS0 - SUVF’
—FS, (1) +FS, (Q)F'1} - —z’i R

— 4 R Z (KD —HZ(4m)

X (W)~ HZ(4m) " +HPUmH'],
? S()=Z (At t=in)

+Z(An)Z(t—An) " j=0,1  (1.3)

)& B4,A=(F,Q R4 #HM Hus
s EM gnelZe Huiad SA, M-step
g3 2o &g

FG+D =SSO 9
QUi+1) =n"H[S:(0)—SADLS - (017

xS,/ (DI .5

RG+1)=n" 2 ()~ HZ(4m)

x (D —HZ(4n))" + HP(4m)H'] (1.6)

oA B4 2RI SEUS AL AV A
A Axe acksd s g

g4 1) 6)EAM =¥ 27 JedE 2
7] 3EA gEo AL, 2F
Ao=(Fy, @, Rp)& 713

@A 2) Kalman wHE-3of o8

Z(4n), Py, P’ -1 & AL

4 3) 21 $E¥F 6.NF ALt

@4 4) EM el &€ ol &3 BF

Ai::(Fia Qis Rt)'% 7§ﬂ'

©A 5) TA 2)iM TE.

s.4 A

ARMA 239 Hu =54 48 AY
o] o, Box S} Jenkins ¢ Walfer sunspot
number(Box,Jenkins, 1976, p.530) o] A& & A}
883t o ARE ARQ) Z¥ozZ AY
e 4 L Fee R 20

o] =[4, o]0

+[81’2] €41

wWH=[1 Ol[x(’;(ji)‘t)]w(t).

ol Wl AR AIFES 27 FHUL

AZEAEE A4 HolA Y,
$=—0.6345, $,=1.3175 °|o,
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¥ 8.1: Kalman %% 3% EM €322 & 98 24 234

=
P

é1 #2 an

ae dz —2InL

1317485 -0.634516
1.020687 -0.178416
0.807478 -0.001704
0.663783  0.096349
0.567183  0.159731
0.499647 0.203412
0451227 0.234578
0415980 0.257283
0390104 0.274034
0371024  0.286497

O 00 ~1 B Uk W

—
o

267.629500 352.597823 464.542304 822.329274
352.416017 449.555611 578.923617 794.893957
423.608304 512.614002 631.275478 800.074620
487.782852 562.328104 664.082518 803.219856
539.531120 596.534649 679.370149 805.410705
579.280793 617.297160 680.958582 807.053002
609.086164 627.724587 672.937218 808.305351
631.161726 630.700164 658.712028 809.258225
647.420955 628.535798 640.825695 809.978895
659.378414 622.962899 621.062281 810.521392

94 e el A 27 FAAE

= 267.6296 ©|t}.

EG 27 dd FEY B8 F3AE 4
(6.2)%} (69),(6.100 2.2 F¥

4.7786 3.8518
P(010) = [ l °]

3.8518 3.7786

¢ +3A ALE A8A MATLAB <o
g o4 den ® 81 # e ARE A

ir
#

E 81 2 28 —2In$E & 794.894 o]
A Hagtg oo ojme AR AFES I
& ¢, = 10297, ¢,=-0.1784 o|n] AYg =

e x,=10297 x,, 01784 x,_, + ¢ °|t}

9. 4 =
¥ =®dMe <43 ARMA AAY 29
o] % FFAN ¥ APl A vloja
Z RY oY A EUH o4F 23 £
g = P8 I XY ¥ 5 J&E
€ sigen 24 33 & ¢4 Kalman W&
HE A 37 A8 g 4o FEA Y
g9 271g EAE =9 #AG. ol o3
A ARMA #3373} @3 2te] cross covariance
t Ae ¥4 =Y elimpulse response 7} =9
ol FE ¥H 29 FEA HE9 xJigh

< 23 g5 S =9 AP
gy e FEN HF 2
Kalman ¥E{E& Z713 & # 3o ¢ &
F& HAd3} e 25E AF YA A AN
o] olg ¢H-ARe ZAY FEPFY =
AY gt A3} stedl Kalman YE 9
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